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Boundary Value
Problems for Partial
Differential

Equations*

lliptic equations constitute the third category of partial differential
equations. As a prototype, we take the Poisson equation
Pu(z, y) | Ou(,y)
0z? 0y? (13.1)
= g(z, y),

Vu(z, y) =

which is to be satisfied by the function u(z, y) in some region Q of the
xy plane, with the right side g(z, y) given on all of Q. The special case
g(z, y) = 0 is Laplace’s equation and the differential operator V? is called
the Laplacian. Elliptic partial differential equations occur frequently as
models for static situations in potential theory, elasticity, and thermal con-
duction. There is no time variable involved, so the approximation has to be
determined for all points at once.

The subsidiary conditions for elliptic equations are entirely boundary
conditions. We assume that ) is a finite two-dimensional region whose
boundary is denoted by I'. Boundary conditions will be specified on I'. We
assume that the boundary is a single closed curve and that it is smooth in the
sense that v, the outward normal to the boundary curve, is a continuously
differentiable function along I' (Figure 13.1).
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Figure 13.1 Y v(p)
Region {2 and its
boundary I'. r

We will limit our discussion to a particularly simple type of boundary
condition in which we specify that the value of u on the boundary by

u(z, y) = alz, y), forall (z,y)eT. (13.2)

In partial differential equations literature these are known as Dirichlet bound-
ary conditions.

13.1 Finite Difference Methods

The construction of finite difference methods for the Poisson equation is
quite intuitive. We first construct a rectangular grid on 2. Here we will
use a grid with uniform spacing h in both the x and y directions, but this
can be easily changed. We then use finite differences to approximate the
Laplacian. When a grid point has all of its four neighbors in €2, we say
that it is a regular point and use the five-point star arrangement shown in
Figure 13.2, which leads to the approximation

Vu(i,uy) (13.3)
o~ w@ion yg) i, yy) +ul@s yi—1) + (@, yin) — du(, y))

o 2 .

At most interior points we can use this standard approximation for the
Laplacian, but some changes may have to be made near the boundaries.
When the boundary is curved the grid lines will intersect the boundary at
some nongrid points and we get irregular interior points. The distance of

Figure 13.2 (5 Jje1)
Regular five-point
star pattern. .
(xi—l' _)’j)‘ (i }'/) . (Xi+1’ y/')
(o, Y1)
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N—1

Figure 13.3
Grid spacing at an

irregular point.

(O y j)
| () S —
/ 6h h

these irregular interior points from the boundary points is less than the
grid spacing, so the formulas for approximating the derivatives have to be
adjusted. For the situation shown in Figure 13.3, we find from the discussion
of finite difference approximations that

822 (1 + 0)h? '

is an approximation of the second partial with respect to x at the grid point
(x;, y;). Using this or similar formulas for the derivative in y, we can derive
a suitable approximation for the Laplacian at other irregular points.

The finite difference approximations are then used to replace the deriva-
tives in equation (13.1), and the equation is satisfied at all the interior
points. If we use U, ; to denote the approximation to u(z;, y;), we get
equations of the form

U1 +Usip1,; + U j—1 + U jp1 — 4U; 5
72

= g(xi, y5) (13.5)

at all regular points, with suitably modified formulas for the irregular points.
In any case, if there are m interior points we will have exactly m equations
and m unknowns, so in principle the system can be solved by standard
matrix methods.

The double index scheme in the grid labeling is convenient for visual-
ization, but to make the equations (13.5) into a standard matrix problem
we have to translate this into a single index scheme. We do this by sequen-
tially labeling interior points as P;, P», ..., P, and the boundary points
as By, Bs, ..., Bj. The unknowns in (13.5) are converted into a vector
U, such that [U]; represents the approximation corresponding to the grid
point P;; that is,

[U]; = u(P;) = Upy,

where (xy, yi) are the coordinates of the point P;. The set of equations can
then be written in matrix form as

AU =y, (13.6)
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where the elements of the matrix A and the right side y depend on the
particular arrangement of the grid and the boundary.

The specific form of the matrix A depends on the way we go from the
double index to the single index notation. Often one uses a systematic
numbering scheme in which we proceed along one column of grid points,
say bottom to top. When we reach the top of one row, we begin again at
the bottom of the adjacent column. This natural ordering, illustrated in
the next example, is often used.

Example 13.1 Suppose that we want to solve Poisson’s equation in the interior of an ellipse
Q with

I'={(z,y): ~1<z<1, 2> +1449° = 1}.

Choosing h = 0.4, we get the grid shown in Figure 13.4. The labeling of the
points is column-wise, as suggested. There are a total of 16 interior points,
so that A will be a 16 x 16 matrix. The point Fs is a regular point, with
neighbors P,, P5, P7, and Pjg. The sixth row of A will therefore have the

elements
4
[Algs = Th2
1
[A]GQ = [A]65 = [A}m = [A]G,lo = R2
Figure 13.4 1
Grid and boundary 1
points ordering for 038 By Byo
°r B,
Example 13.1. 9 B¢
0.6 ,B_?): R P 1 Bis
! B
0.4+
021484 B B A As B4
!
_oalsBs L) K Ay Ay B3
—04}
Y A B B Py
oy ",
—0.8F 32 BIZ
B, By
-1

-1 -08 -0.6 -04 -02 0 02 04 06 08 1
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All other entries in this row will be zero. The right side has the component

[yl = 9(Ps)-

The point Py is irregular, so the boundary comes into play. For differenti-
ation in the y direction we need to use the appropriately modified formula
(13.4),

0?u(Py) ~ 20 (Bg) 4 2u(Pr) — 2(1 + G)U(Ps)'

ay? 0(1+ 0)h?

The y coordinate of Bg is 0.8165, so that # = 0.5414. Replacing u by its
approximation U and using the boundary value, this gives

aQ’U,(Pg) ~ 1.083&(38) + 2[U]7 - 3083[U]8
a7 0.817h?2 ‘

Putting this together with the centered difference approximation in the x
direction, we find that the nonzero elements in the eighth row of A are

5.695
[A]g,s = - h2 '
1
[A]874 = [A]s,u = 2
1.300
[Als7 = =5
The right side has
2.398c(Bs)
[yls = 9(Ps) — TS

All the other elements of A and y can be found in a similar way.

This example illustrates an aspect that complicates the task of solving
partial differential equations. The curved boundaries affect the construction
of the matrix A and make it a nontrivial problem. For more complicated
equations with difficult boundaries, constructing the approximating equa-
tions is a major source of concern and writing a computer program that
does it is a lengthy undertaking. Creating software for realistic partial dif-
ferential equations usually involves serious data management problems and
rarely is an easy task.

There are two other major issues that we have to consider. We need to
produce an error analysis that tells us how the method can be expected to
work, and we need to find efficient methods for solving the large systems
that we get.



370

“Linz
2002/
page

EXPLORING NUMERICAL METHODS

EXERCISES

1. Derive the approximation (13.4).

2. Show how (13.3) needs to be modified when the grid spacing in the z and y
directions differs.

3. In Example 13.1, find the elements of the second row of A.
4. In Example 13.1, find the pattern of the nonzero elements of A.

5. Suppose that € is the unit square 0 < x < 1, 0 < y < 1. Describe what the
coefficient matrix A looks like in this case if the natural ordering illustrated
in Example 13.1 is used.

6. How does the discussion in this section have to be changed for the solution
of the equation

O%u(z, O%u(z,
g(;rg v + g(;g ) +u(z, y) =g(z, y)?

13.2 Error Analysis for the Finite
Difference Method

To analyze the error in this finite difference method, we proceed as we did
in the analysis of the two-point boundary value problem. We use

u(Pr)
u(Pz)

u=

u(Pp,)

to denote the vector of true solutions at the grid points, and consider the
error vector e = (e, €2, ..., €,)l with

€; = U(PZ) — [U]l

We are interested in the behavior of ||e|| as h decreases.
The local discretization error t(u, h) = (11, To, ..., Tm)? is defined as

7 = V2u(P;) — [Au]; (13.7)

and our goal is to establish the connection between the local discretization
error and the error in the approximate solution. Noting that
[AUJ; = g(P)
= VZU,(F)l)7
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we get
[A(U - u)]z = Ti,
or
Ae = —t(u,h).

If A is invertible, then
llell < [[A7] [[t(u, k) [|- (13.8)

The local discretization error is usually quite tractable. If assumptions on
the smoothness of u can be made, it is only a matter of bounding the error
in numerical differentiation. The question of the convergence of the finite
difference then becomes a matter of bounding ||[A~!|| as a function of h.
This is the stability question which is, as usual, a difficult issue. For fi-
nite difference methods for partial differential equations this often means
appealing to special results from matrix theory. For the case under discus-
sion, the arguments can be found in various places (see for example Isaacson
and Keller [5], p.447) and it is known that ||A || is bounded as h — 0.
Accepting this, we can conclude that the finite difference method described
converges and that the error is proportional to the local discretization error.
We can also conclude that the condition number of (13.5),

k= ||A|1|oo 1A |

so there will be some limited accumulation of rounding error.

EXERCISES

1. Suppose that 2 is the unit square and that u is four times continuously
differentiable in both variables. Show that then |[t(u, h)||sc = O(h?).

2. Show that the discretized Laplacian on the unit square satisfies a maximum
principle that guarantees that the maximum grid value must be located on
the boundary. Use this to demonstrate that the numerical method is stable.
(Hint: Assume that the maximum value occurs at an interior point and show
that this leads to a contradiction.)

3. How is the bound in Exercise 1 affected by curved boundaries?

4. How is the stability argument in Exercise 2 affected by curved boundaries?
5. Construct the matrix A for a unit square and empirically examine || A7 ||
as a function of h.
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Figure 13.5

Band structure for
the finite difference
method on a
rectangle.
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13.3 Solving Finite Difference Systems

Since the number of unknowns in the discretized system m = O(1/h?), even
a moderately small h leads to a large number of equations. For complicated
regions, or when high accuracy is required, the system (13.5) may contain
in excess of 10,000 equations. This makes it impractical to use a normal
GEM algorithm. Fortunately, the matrix A in (13.6) has special properties
that we can take advantage of.

As we know, direct methods for sparse matrices are potentially effective
as long as we can control the fill-in. For banded matrices we can do this to
some extent. For rectangular regions, or even for simple convex regions such
as that in Example 13.1, the structure of the matrix is predictable. For a
rectangle and a natural ordering, the matrix will be banded with bandwidth
roughly

B =2v/m,

as shown in Figure 13.5. If we apply the Gauss elimination method re-
stricted to the band, we find that the reduction of each column requires
about 32 multiplications and additions so that, if no row interchanges are
necessary, the entire triangularization takes

N = 4m?

operations. For m = 10%, this is within the range of present-day computers,
but still takes a great deal of time.

The band reduction methods are not as efficient as possible because
they do not take advantage of the large number of zeros within the band. In
recent years there has been a great deal of interest in faster direct methods.
Many algorithms have been developed that can solve large problems quite
well, but this is a special topic that is not easily treated in an elementary
fashion. Details can be found in books devoted to this subject, for example,
Duff, Erisman, and Reid [8].

Although direct methods have many advantages, the simplicity of it-
erative methods often makes them attractive alternatives. Historically, it-

% x X T
X X X X 0
X X X X
X
X =2Vm - X
X
0 X X
(- >< =
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erative methods for finite difference systems were the first to be used, and
their performance has been studied for many years. A large number of use-
ful results are known, of which we will present only the simplest. To get an
intuitive grasp for how the iterations are performed, it is helpful to switch
back to the two-dimensional indexing scheme for the unknowns, in which
U, j is an approximation to u(z;, y;). With this convention the equation
at a regular grid point can be written as

1
Ui; = 1 ((Ui—l,j +Uit1,; +Uijo1 + Ui jya) + hzg(xivyj))v (13.9)

with suitable modifications for the irregular grid points. If we let Ul[k]] denote
the kth iterate for U;, ;, then (13.9) suggests the simple iteration

gl = i (Ui[flj +ul v ol Ul R, yj)) . (13.10)
This is known as the Jacobi iteration.

If we think of a cycle of the Jacobi method as one iteration on all
unknowns, we see that in one cycle only the values of the previous cycle
are used. The entire array is updated when the cycle has been completed,
hence the result of one cycle does not depend on the order in which the
new iterates are computed. We can change this and use the new iterates as
soon as they are available, but in this case, the order in which the points
are taken does matter. For the ordering scheme in Figure 13.4, the iteration
can be defined by

1
ol = 2 (bl ol s ole) ol ng(ny) . a3
If we compute the unknowns at the points P; in the order i =1, 2, ... |
then the quantities on the right of (13.11) are known whenever they are
needed, and so the formula is a straightforward successive substitution.
The algorithm is called the Gauss-Seidel method.

To analyze the convergence of these schemes, we return to vector nota-
tion and write

A=D+L+R,

where D is a diagonal matrix, L is lower triangular, and R is upper trian-
gular, both of the latter with zero diagonals. The Jacobi method can then
be written as

Ul — D YL+ R) UM + D1y, (13.12)
while the Gauss-Seidel method is

Ulk+1 = —(D+ L)—lRU[k] +(D+L) y. (13.13)
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We know from the study of iterative methods that a sufficient condition for
the convergence of successive substitutions

Ukt = pultl 4y
is that
[IB|| < 1.

For symmetric matrices and the 2-norm, this is equivalent to the bound on
the spectral radius,

p(B)=r<1. (13.14)

While B is not always symmetric, it can be shown that this condition is
also sufficient for nonsymmetric matrices. Therefore, the speed of conver-
gence is governed by the magnitude of r, with the error in the kth iteration
proportional to 7*. The convergence question is then reduced to finding the
dominant eigenvalues of the matrices involved in the iteration.

For special cases, such as rectangular 2 where all grid points are reg-
ular, one can find the eigenvalues explicitly, but generally this is a difficult
task. We want to therefore appeal to general results in spectral theory that
allow us to establish (13.14). We cannot use Gershgorin’s theorem directly
because the necessary conditions are not satisfied. For example, in Jacobi’s
method, where

B=-D 'Y(L+R),

we find that for all 7

and

> IBl <1, (13.15)
J#i

with equality for some rows. All we can conclude from this is that

r<l1,
which is not sufficient to establish convergence. Fortunately, there are some
rows of B for which strict inequality in (13.15) is attained. This gives us
the hope that condition (13.14) could hold. A detailed analysis shows that
this is indeed so, and that for Jacobi’s method

r=1-lnl, (13.16)

“Linz
2002/
page



“Linz
2002/
page .

Chapter 13 BOUNDARY VALUE PROBLEMS FOR PARTIAL DIFFERENTIAL EQUATIONS* 375

where 7 = O(h?). A similar result holds for the Gauss-Seidel method, with
7 about twice the magnitude of that for Jacobi’s method. From this we
conclude that both iterations converge, with better results to be expected
from the Gauss-Seidel method.

However, (13.16) also shows that r is quite close to one, and suggests
that convergence will be slow and deteriorate with decreasing h. While
each iteration can be carried out quickly, usually many iterations have to
be done before the desired accuracy is achieved. This has spurred on the
study of alternatives that accelerate the convergence. Omne of a number
of methods that will do this is the over-relaxation method, which is an
instance of extrapolated iteration. If we can estimate the contraction factor
r, the extrapolated value can be used as the new iterate, leading to the
over-relaxation formula

gl - 1

— {-@+1) ' RUM + D +1)"ly} - U, (13.17)

1—r
If we have a good guess for r, this can improve the speed of convergence
considerably.

The topic of iterative methods for these systems is an extensive and
complicated subject that is explored in the relevant literature. Varga’s
book [25] is a classic in this area.

EXERCISES

1. To solve a finite difference system on a three by four grid, which of the two
ordering schemes below would be preferable?

2. Suppose that Q is a rectangular region twice as long in the z-direction as in
the y-direction. If we use a finite difference discretization in which Ax = Ay
and a natural ordering for the grid points, is there any advantage of ordering
by columns as opposed to by rows?

3. Verify that (13.13) is the correct matrix form of the Gauss-Seidel method.

4. Approximately how many more Jacobi iterations than Gauss-Seidel iterations
are needed to reduce the error by two orders of magnitude?

5. Show that even in the presence of curved boundaries (13.15) holds and that
strict inequality is attained for some rows.
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13.4 The Finite Element Method

The finite element method is a popular approach to the numerical solu-
tion of elliptic partial differential equations. Much has been written about
it in numerical analysis literature and it has also been widely used and
discussed by structural engineers. We can characterize the finite element
method as a Galerkin-type method, with local, often very simple bases,
and some manipulations to reduce the smoothness needed for the basis of
the approximations. While our discussion will focus on Poisson’s equation,
much of what we say is applicable to more general elliptic partial differential
equations.
Galerkin’s method involves writing the approximation as

un(z, y) = Zci@(% Y), (13.18)
i=1

and then selecting the expansion coefficients so that the residual of the
approximation is orthogonal to all the expansion functions; that is, that

/Q (V%un(z, y) — gz, y)} 6s(z, y)dady = 0 (13.19)

foralli=1, 2, ..., n.

In addition to the orthogonality constraints, we also need to address
the boundary conditions. For simplicity we will assume that the Dirichlet
conditions are homogeneous, so the boundary values in (13.2) are

alz, y) =0. (13.20)

If we choose the basis functions ¢; so that each of them is zero on the
boundary, the linear combination (13.18) satisfies (13.20). As we will see,
this is generally not hard to do.

Writing the orthogonality condition in the form (13.19) apparently im-
plies that the approximation, and hence every basis function, is twice con-
tinuously differentiable in both variables. But such high continuity require-
ments are often inconvenient and, if possible, we try to reduce them. The
trick is integration by parts, using Green’s theorem. One of the forms of
Green’s theorem is as follows: If  is a closed and bounded region in the
plane, and if v and v are both twice continuously differentiable functions
that vanish on the boundary I', then

u  0%u Oudv  Oudv
— 4+ — |vdQ) = — —— 4+ —— |d2. 13.21
/Q<as2+at2>” /Q<6865+8t at> (13.21)
Applying this to the Laplacian and the expansion functions in (13.18), we
have

Pu,  0%uy, Ouy, 0¢;  Ouy, 0@
Z dO = — - — Q. 13.22
/Q<ax2+ay2>¢ld /Q<ax or oy ay>d (13.22)
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Figure 13.6
A triangulation of

a polygonal region.

The right side not only replaces second derivatives by first order differenti-
ation, but remains sensible as long as the first partial derivatives of all the
functions are integrable. It can be shown that extending the approxima-
tion in this way does not change the solution, so we will use the right side
of (13.22) instead of the left one. The implication is that we can use ba-
sis functions that are piecewise differentiable, with possibly bounded jump
discontinuities in the first derivatives.

With this modification, Galerkin’s method then reduces to a linear
system

Ac=y, (13.23)
where
0¢; ¢; = 0¢; 0,
Al = — -7 —/ 1d2 13.24
(Al /Q<8x8x+8y8yd’ (13.24)
and

vl = /dindQ- (13.25)

In the finite element literature the matrix A is called the stiffness matriz.
Choosing the basis elements so that the homogeneous boundary conditions
(13.20) are satisfied, and so that the stiffness matrix can be computed with-
out too much difficulty, is the primary challenge in the practical use of the
finite element method.

One of the simplest and most popular choices is a piecewise planar
approximation on triangles. Suppose for the moment that €2 is a polygonal
region. Then it can be triangulated, meaning that it can be partitioned into
a set of triangles (Figure 13.6).

The approximation u,, should be a continuous, planar function on each
triangle. This can be achieved by using basis elements which have the value
one at one vertex P of a triangle and zero at all other vertices, that are
planar in all triangles with P as a vertex (Figure 13.7), and that are zero
everywhere else. A linear combination of such basis functions will then
have the required continuity properties. We also note that if we use basis

b i
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Figure 13.7

A basis element for
piecewise planar
approximations.

Figure 13.8
Subdividing a
triangle, using the
midpoints of each
side.
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functions only for the interior points, the homogeneous boundary conditions
(13.18) are automatically satisfied for any linear combination. For such
piecewise planar elements, the matrix entries [A]ij are easily computed
analytically. The computations of the elements in (13.25) may have to be
done numerically, but normally this does not cause any great difficulty.

We rarely know of an obvious and efficient triangulation that will solve
a problem to a specified accuracy. Usually, we start with some rough tri-
angulation, then subdivide those triangles that are likely to give the best
improvement. Some care needs to be taken when subdividing a triangle.
If the subdivision tends to make the triangles skinnier, the accuracy will
suffer. A way of avoiding this is shown in Figure 13.8, where a triangle is
divided into four smaller ones, each similar to the original one. In this way,
we can adaptively place smaller triangles into regions where the solution
changes rapidly and use larger triangles where the solution is very smooth.
Re-computing the stiffness matrix after subdivision is relatively straightfor-
ward. Unlike the finite difference method, having triangles of widely varying
size does not affect the method significantly. This is a strong advantage for
the finite element method.

Flexibility is one of the main attractive features of the finite element
method. Not only is subdividing a region easy, the triangular elements are
very suitable for complex geometry. In addition, the method rests on strong
physical and mathematical foundations, making it suitable for automatic
implementation. There are also some disadvantages. Writing a computer
program that finds a good triangulation can be challenging. The stiffness
matrix is more complicated than the corresponding matrix for the finite
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difference methods. Although generally sparse, the sparsity pattern in the
stiffness matrix is not as predictable as it is for the finite difference case.
All of this makes it quite difficult to implement the finite element method.
But most of these difficulties have been overcome. For many important
elliptic partial differential equations there exist programs that produce good
triangulations, construct the stiffness matrix, and solve the resulting sparse
linear system efficiently. The widespread availability of such software is a
major factor in the popularity of the finite element method.

Much has been written about the theory and the practice of finite el-
ement methods, their connection with variational principles, their conver-
gence, and their stability. All of this is quite complicated, but there are a
number of books that give a fairly accessible presentation. Good sources
for further reading are Johnson [13] and Prenter [21].

EXERCISES

1. Suppose that in the Dirichlet problem the boundary conditions are not homo-
geneous. What can be done to make it suitable for a finite element treatment?

2. Find an explicit expression for

_ Opi D¢ | Opi g;
Al = /Q <8x oz © 8y Oy >dQ’

where the ¢; are piecewise planar elements and 2 is a single triangle.

3. How does the triangulation affect the sparsity pattern of the stiffness matrix?
What are typically the average number of elements in a row of the sparsity
matrix?

4. Show that the subdivision suggested in Figure 13.8 produces four congruent
triangles, each similar to the original triangle.

13.5 Multidimensional Equations

The partial differential equations that one encounters in practice are usually
quite a bit more complicated than the simple prototypes we have studied
here. Frequently, there are more than two dimensions involved. This intro-
duces new complications coming from the geometry, increases the computer
resources required, and often precludes any practically useful error analysis.
Still, with the guidelines that we get from the simpler models, we can devise
methods and successfully solve many very complicated equations.
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As one step in the direction of more complicated models, we consider
the two-dimensional heat equation

du(x, y, t)  0%u(z,y,t)  0%u(w, y,t)
ot N 0 x? 0 y? ’

(13.26)

in some spatial region €2 with boundary I', in a time interval 0 < ¢t < T.
There are initial conditions

U(l‘, Y, 0) = 91($, y)?

for all (x, y) € Q, and boundary conditions

u(x, Y, t) = 92(x7 Y, t)

for all (x, y) €T

Equation (13.26) is a parabolic equation. It is an initial value problem
that behaves very much like the one-dimensional heat equation (12.1). We
can therefore model our numerical methods on the one-dimensional case.
But in the steady-state case

du(x, y, t)

ar

(13.26) reduces to Laplace’s equation, so we should expect some aspects of
boundary value problems to become significant.

Extending the framework of Section 12.1, we introduce a two-dimensional
space grid, defined by grid points (z;, y;), ¢ =0, 1, ..., nq, 7=0, 1, ...,
ng. The grid will be assumed to be uniform in each direction, with respec-
tive grid spacing Az and Ay. A time grid is defined by time lines to, tq, ...,
spaced at a distance At. The approximation to u(z;, y;, tx) will be denoted
by Ui, j k- To construct a finite difference method, we replace the Lapla-
cian by its approximation on a five-point star (Figure 13.2) and the time
derivative by a difference. As before, the question is what time difference
to use.

The analog of the explicit method (12.10) is obvious; we simply use a
forward time difference to get

U1,k + Uit1,56 —2Uij i
(Az)?

Uij—16 + Uij+16 — 2Ui ik
(Ay)?

Uijk+1 = Ui jr + At

(13.27)
+ At

for regular interior points, with suitable changes for the points near the
boundary.
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With the explicit method the solution can be computed easily with a
forward marching process. We need to be concerned about stability and,
not surprisingly, it turns out that the method is stable only for the condition

At

1
(Ba)? + (Ay) =2 1529

The one-dimensional case suggests that we can alleviate the stability con-
dition and increase the accuracy by going to an implicit scheme, such as
an analog of the Crank-Nicholson method (12.14). Unfortunately, when
we do this we find that we have to solve a complete Laplace equation at
each time-step. This is quite expensive, so we need to look for cheaper
alternatives.

One successful strategy is the alternating direction implicit (ADI)
method. Each time-step is split into two equal parts. In the first part,
integrating from kAt to (k + %)At, x is taken to be implicit while y is
treated explicitly. This gives
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In the next step, from (k+ 3)At to (k + 1)At, the method is made explicit
in x and implicit in y, so that

At
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(13.30)

Each time step now involves solving a number of implicit equations, but
all of them are essentially tridiagonal. This is much cheaper than solving a
complete Laplace equation at each step. The ADI method is known to be
stable for all Az, Ay, and At.
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